Abstract. In the following text we introduce the notion of chaoticity modulo an ideal in the sense of Li-Yorke in topological transformation semigroups and bring some of its elementary properties. We continue our studies by characterizing a class of abelian infinite Li-Yorke chaotic Fort transformation groups and show all of the elements of the above class is co-decomposable to non-LiYorke chaotic transformation groups.
Introduction
Different senses of chaos in dynamical systems like Devaney chaos [5, 2, 21] , LiYorke chaos [14] , distributional chaos [13] , ω-chaos [12] , e-chaos [17] , ... for dynamical systems have been studied in several texts, the main emphasis in these researches are on (compact) metric dynamical systems. Moreover, recently have been done researches on chaos in transformation groups [22] , maps on transformation groups [18] and uniform phase spaces [3] . On the other hand different compactifications (and amongst them one-point-compactification) have their significant role in point set topology and topological dynamics [1, 10, 20] . In this text we present a definition for Li-Yorke chaos in transformation semigroups (modulo an ideal) with infinite phase semigroup and study this concept in the category of transformation groups with one-point-compactification of a discrete space (i.e., a Fort space) as phase space.
Preliminaries
As it has been mentioned in Introduction in this text we deal with Li-Yorke chaos in transformation semigroups with a uniform space as phase space, so we need backgrounds on transformation semigroups, uniform spaces and Li-Yorke chaos, also we bring backgrounds on Fort spaces too regarding our examples.
2.1. Background on uniform spaces. Suppose F is a collection of subsets of X × X such that:
• ∀α ∈ F (∆ X ⊆ α),
• ∀α, β ∈ F (α ∩ β ∈ F ), • ∀α ∈ F ∀β ⊆ X × X (α ⊆ β ⇒ β ∈ F ), • ∀α ∈ F (α −1 ∈ F ), • ∀α ∈ F ∃β ∈ F (β • β ⊆ α), where ∆ X = {(x, x) : x ∈ X} and α −1 = {(y, x) : (x, y) ∈ α} also α • β = {(x, z) : ∃y ((x, y) ∈ β ∧ (y, z) ∈ α)} (for α, β ⊆ X × X), then we call F a uniform structure on X, also we call the elements of F entourages on X. For α ∈ F and x ∈ X let α[x] = {y ∈ X : (x, y) ∈ α}, then {U ⊆ X : ∀y ∈ U ∃β ∈ F (β[y] ⊆ U )} is a topology on X, we call it uniform topology on X induced by uniform structure F and call (X, F ) or briefly X a uniform space. We call the topological space Y uniformzable if there exists a uniform structure E on Y such that uniform topology induced by E coincides with original topology on Y , also in this case we say E is a compatible uniform structure on Y . Compact Hausdorff spaces are uniformzable and admit a unique compatible uniform structure. For more details on uniform spaces see [6, 8] .
2.2. Ideals and Fort spaces. Let's recall that we say the nonempty collection I of subsets of W is an ideal on W if for all A, B ∈ I and C with C ⊆ A we have A ∪ B, C ∈ I. Although most of the authors in ideal I on W have supposed X / ∈ I [11] we allow this condition too (so I = P(W ) is allowed in this text, where P(W ) = {A : A ⊆ W } is the collection of all subsets of W ). Suppose b ∈ F and equip F with topology {U ⊆ F : b / ∈ U ∨ (F \ U is finite)}, then we say F is a Fort space with particular point b (it's evident that Fort space F with particular point b is just one point compactification (or Alexandroff compactification) of discrete space F \ {b}) [19] .
2.3.
Background on Li-Yorke chaos in dynamical systems. By a dynamical system (X, f ) we mean a topological space X and continuous map f : X → X. In dynamical system (X, f ) with compact metric phase space (X, d) we say x, y ∈ X are
We say the dynamical system (X, f ) is Li-Yorke chaotic if it has an uncountable subset like A such that every distinct x, y ∈ A are asymptotic. Note that in this case F = {α ⊆ X × X : ∃ε > 0 (O ε ⊆ α)} is unique compatible uniform structure on X (where O ε = {(z, w) ∈ X × X : d(z, w) < ε} for every ε > 0). So we may use the following definitions too (which is useful for the rest of paper), we say x, y ∈ X are 1 ′ . proximal if there exist z ∈ X and net {n α } α∈Γ in N with
′ . scrambled if they are proximal and non-asymptotic.
2.4.
Background on transformation semigroup. By a transformation semigroup (resp. transformation group) (X, S, π) or simply (X, S) we mean a compact Hausdorff space X, discrete topological semigroup (resp. group) S with identity e and continuous map π : X × S → X (x,s) →xs such that for all x ∈ X and s, t ∈ S we have xe = x, x(st) = (xs)t [7] . We say (X, (G α ; α ∈ Γ)) is a multi-transformation semigroup (resp. multitransformation group) if for each α ∈ Γ, (X, G α ) is a transformation semigroup (resp. transformation group), moreover for each distinct α 1 , . . . , α n ∈ Γ and x ∈ X, s 1 ∈ G α1 , . . . s n ∈ G αn we have
for each permutation σ : {1, . . . , n} → {1, . . . , n}. For transformation semigroup (resp. transformation group) (X, G), we say the multi-transformation semigroup (resp. multi-transformation group) (X, (G α ; α ∈ Γ)) is a co-decomposition of (X, G) if G α s are distinct sub-semigroups (resp. subgroups) of G, and G is the semigroup (resp. group) generated by α∈Γ G α [15] .
Definition 2.1. In transformation semigroup (X, S) with uniform phase space (X, F ) suppose I is an ideal on semigroup S. We say x, y ∈ X are:
• proximal if there exists z ∈ X and a net {g α } α∈Γ in S with [7] lim
• asymptotic modulo I if for every α ∈ F we have {s ∈ S : (xs, ys) / ∈ α} ∈ I, • scrambled modulo I if they are proximal and non-asymptotic modulo I, • st(x) := {g ∈ S : xg = x} is the stablizer of x. We denote the collection of all proximal pairs of (X, S) with P rox(X, S). Moreover we have P rox(X, S) = {αS −1 : α ∈ F } where for all α ∈ F we have αS −1 = {(z, w) ∈ X × X : ∃s ∈ S ((zs, ws) ∈ α)} [9] . Also we denote the collection of all asymptotic pairs (z, w) modulo ideal I (i.e., z, w ∈ X are asymptotic modulo ideal I) with Asym I (X, S). Also we say D ⊆ X with at least two elements is an scrambled set modulo I if for all distinct z, w ∈ D we have (z, w) ∈ P rox(X, S) \ Asym I (X, S). We say (X, S) is Li-Yorke chaotic modulo I if it contains an uncountable scrambled subset modulo I. Definition 2.2. In transformation semigroup (X, S), P fin (S) := {D ⊆ S : Dis finite} is an ideal on S, let Asym(X, S) := Asym P fin (S) (X, S) .
We say (X, S) is Li-Yorke chaotic if it is Li-Yorke chaotic modulo P fin (S). Also we say x, y ∈ X are asymptotic (resp. scrambled) if they are asymptotic modulo P fin (S) (resp. scrambled modulo P fin (S)). Note 2.3. One may consider dynamical system (X, f ) with compact metric phase space X, as the transformation semigroup (X, N ∪ {0}) with xn := f n (x) (for all x ∈ X, n ≥ 0), then (X, f ) is a Li-Yorke chaotic dynamical system if and only if (X, N ∪ {0}) is a Li-Yorke chaotic transformation semigroup. Proof. Let's mention that if {F n } n≥1 is an increasing sequence of compact subsets of S (so F n s are finite by discreteness of S), we say x, y ∈ X are scrambled relative to {F n } n≥1 if there exists (r n ) n≥1 ∈ n≥1 S \ F n with lim n→∞ d(xr n , yr n ) > 0 (as a matter of fact x, y ∈ X are scrambled relative to {F n } n≥1 if (x, y) ∈ Asym I (X, S)
where I is the ideal on S generated by {F n : n ≥ 1} (in this case we have I = {A ⊆ S : ∃n ≥ 1 (A ⊆ F n )}). For x, y ∈ X we have the following two claims: Claim 1. If (x, y) / ∈ Asym(X, S), then for any increasing sequence {F n } n≥1 of finite subsets of S, x, y ∈ X are scrambled relative to {F n } n≥1 . Proof of Claim 1. Suppose (x, y) / ∈ Asym(X, S), then there exists δ > 0 such that D := {s ∈ S : d(xs, ys) > δ}(= {s ∈ S : (xs, ys) / ∈ O δ }) is infinite. Now consider increasing sequence {F n } n≥1 of finite subsets of S, for all n ≥ 1 there exists p n ∈ D \ F n also we may suppose p n s are paiwise distinct, thus for all n ≥ 1, d(xp n , yp n ) > δ which leads to ε := lim sup
x, y ∈ X are scrambled relative to {F n } n≥1 . Claim 2. If x, y ∈ X are scrambled relative to {{s 1 , . . . , s n }} n≥1 , then (x, y) / ∈ Asym(X, S). Proof of Claim 2. Suppose x, y ∈ X are scrambled relative to {{s 1 , . . . , s n }} n≥1 thus for all n ≥ 1 there exists t n ∈ S \ {s 1 , . . . , s n } with ε = lim
Asymptoticity and Li-Yorke chaoticity modulo an ideal
In this section we bring some elementary properties of Li-Yorke chaoticity modulo an ideals in transformation semigroups, in topics like products, quotient, co-decomposition, .... in transformation semigroups.
Theorem 3.1. In transformation semigroup (X, S) suppose I and J are ideals on S with I ⊆ J . We have:
Proof. Use the definition of asympoticity and Li-Yorke chaoticity modulo an ideal.
In the transformation semigroup (X, S) if T is a sub-semigroup of S, then we may consider transformation semigroup (X, T ) (with induced action of S on X) in a natural way too, in the following Theorem we deal with this type of transformation semigroups.
Theorem 3.2. In transformation semigroup (X, S) suppose T is a sub-semigroup of S and I is an ideals on T , then:
, then it is an scrambled set modulo I in (X, S), 3. if (X, T ) is Li-Yorke chaotic modulo I, then (X, S) is Li-Yorke chaotic modulo I, 4. if (X, S) is co-decomposable to Li-Yorke chaotic modulo I transformation semigroups if and only if it is Li-Yorke chaotic modulo I.
Proof. First of all note that I is an ideal on S. Consider compatible uniform structure F on X. 1) For x, y ∈ X we have (use {s ∈ T : (xs, ys) / ∈ U } ⊆ {s ∈ S : (xs, ys) / ∈ U }):
(x, y) ∈ Asym I (X, S) ⇒ (∀U ∈ F {s ∈ S : (xs, ys) / ∈ U } ∈ I) ⇒ (∀U ∈ F {s ∈ T : (xs, ys) / ∈ U } ∈ I)
⇒ (x, y) ∈ Asym I (X, T ) .
2) Use item (1) and P rox(X, T ) ⊆ P rox(X, S).
3) Use item (2).
In transformation semigroup (X, S) we say nonempty subset Y of X is invariant if Y S := {ys : y ∈ Y, s ∈ S} ⊆ Y . If Y is a closed invariant subset of X then we may consider transformation semigroup (Y, S) with induced action of S on X.
Note 3.3. In transformation semigroup (X, S) suppose Y is a closed invariant subset of X and I is an ideal on S, then
In the following Theorem we deal; with product of transformation semigroups.
Theorem 3.4. Suppose {(X α , S) : α ∈ Γ} is a nonempty set of transformation semigroups and I is an ideal on S. In transformation semigroup (
we have:
, then there exists β ∈ Γ such that z β , w β are scrambled modulo I (in transformation semigroup (X β , S)), 3. for β ∈ Γ suppose p, q ∈ X β and for each α ∈ Γ choose z α ∈ X α , let Proof. 1) For compact Hausdorff topological space Y suppose F Y is the unique compatible uniform structure on Y . For β ∈ Γ and U ∈ F X β let:
which leads to (z β , w β ) ∈ Asym I (X β , S). Therefore:
Now suppose for each α ∈ Γ we have (p α , q α ) ∈ Asym I (X α , S) and A ∈ F α∈Γ Xα . There exist α 1 , . . . , α n ∈ Γ and U 1 ∈ F Xα 1 , . . . , U n ∈ F Xα n with (*)
For each i ∈ {1, . . . , n} we have (p αi , q αi ) ∈ Asym I (X αi , S), thus {s ∈ S : (p αi s, q αi s) / ∈ U i } ∈ I, so:
which shows {s ∈ S : ((p α s) α∈Γ , (q α s) α∈Γ ) / ∈ A} ∈ I and ((p α s) α∈Γ , (q α s) α∈Γ ) ∈ Asym I ( α∈Γ X α , S). Therefore:
and item (1).
3) Use (2).
Corollary 3.5. Suppose {(X α , S α ) : α ∈ Γ} is a nonempty set of transformation semigroups and for each α ∈ Γ, I α is an ideal on S α . In transformation semigroup (
for each β ∈ Γ and D ∈ I β let H β (D) = {(s α ) α∈Γ ∈ α∈Γ S α : s β ∈ D and suppose I is an ideal on α∈Γ S α generated by {H α (D) : α ∈ Γ, D ∈ I α }. Also suppose R is an ideal on α∈Γ S α . Then we have:
, then there exists β ∈ Γ such that z β , w β are scrambled modulo I β (in transformation semigroup (X β , S β )), 3. with the same (x α ) α∈Γ , (y α ) α∈Γ as in item (3) Proof. Use a similar method described in Theorem 3.4 and P rox(
Note 3.6. In transformation semigroups (X, S), (Y, S) suppose ϕ : (X, S) → (Y, S)
is a homomorphism and I is an ideal of S, then ϕ×ϕ(P rox(X, S)) ⊆ P rox(Y, S) [7] , and ϕ × ϕ(Asym I (X, S)) ⊆ Asym I (Y, S), suppose (x, y) ∈ Asym I (X, S) and U is an entourage of Y , since ϕ : X → Y is continuous and X, Y compact Hausdorff spaces, ϕ : X → Y is uniformly continuous too. Thus there exists entourage V of X with ϕ × ϕ(V ) ⊆ U . Using (x, y) ∈ Asym I (X, S) and ϕ(zs) = ϕ(z)s for all z ∈ X, s ∈ S, we have: {s ∈ S : (ϕ(x)s, ϕ(y)s) / ∈ U } = {s ∈ S : (ϕ(xs), ϕ(ys)) / ∈ U } ⊆ {s ∈ S : (xs, ys) / ∈ V } ∈ I , therefore {s ∈ S : (ϕ(x)s, ϕ(y)s) / ∈ U } ∈ I and (ϕ(x), ϕ(y)) ∈ Asym I (Y, S).
In transformation semigroup (X, S) suppose ℜ is a closed invariant relation on X, then one may consider transformation semigroup ( X ℜ , S) [7, 16] . Using Note 3.6 and natural quotient homomorphism π ℜ : (X, S) → ( X ℜ , S) we have the following Corollary.
Corollary 3.7. In transformation semigroup (X, S) suppose ℜ is a closed invariant relation on X and I is an ideal on S,
Let's recall that in transformation semigroup (X, S) with compatible uniform structure F on X for all α ∈ F let αS −1 := {(z, w) ∈ X × X : ∃s ∈ S (zs, ws) = (x, y)}, then P rox(X, S) = {αS −1 : α ∈ F } [9] .
Theorem 3.8. In transformation semigroup (X, S) with card(S) ≥ 2 we have: P rox(X, S) = {Asym I (X, S) : I is an ideal on S with I = P(S)}.
Proof. For ideal I on S with I = P(S) suppose (x, y) ∈ Asym I (X, S) and F is the compatible uniform structure on X. For every α ∈ F , we have {s ∈ S : (xs, ys) / ∈ α} ∈ I, thus {s ∈ S : (xs, ys) / ∈ α} = S and there exists s ∈ S with (xs, ys) ∈ α, so (x, y) ∈ αS −1 . Therefore (x, y) ∈ {αS −1 : α ∈ F } = P rox(X, S). On the other hand suppose (x, y) ∈ P (X, S), thus (x, y) ∈ {αS −1 : α ∈ F } and for every α ∈ F , there exists s ∈ S with (xs, ys) ∈ α so J α := {t ∈ S : (xt, yt) / ∈ α} = S. Let I := {A ⊆ S : ∃α ∈ F (A ⊆ J α )}. For each α, β ∈ F we have α ∩ β ∈ F and J α ∪ J β = J α∩β , thus I is an ideal on S and (x, y) ∈ Asym I (X, S). Moreover for all α ∈ F we have J α = S thus S / ∈ I and I = P(S).
Note 3.9. In transformation semigroup (X, S) suppose I is an ideal on S, being asymptotic modulo I is an equivalence relation on X, since if x, y are asymptotic modulo I and y, z are asymptotic modulo I, then for each α ∈ F X there exists β ∈ F X with β • β ⊆ α and we have {t ∈ S : (xt, yt) / ∈ β}, {t ∈ S : (yt, zt) / ∈ β} ∈ I thus {t ∈ S : (xt, zt) / ∈ α} ⊆ {t ∈ S : (xt, yt) / ∈ β} ∪ {t ∈ S : (yt, zt) / ∈ β} ∈ I which leads to {t ∈ S : (xt, zt) / ∈ α} ∈ I. Hence x, z are asymptotic modulo I too.
Li-Yorke chaotic Fort transformation groups
In this section suppose F is an infinite Fort space with particular point b. For each D ⊆ F let: If G is abelian too, we have equality in the above relation.
Proof. First note that in the transformation group (F, G) we have bG = {b} and for all x ∈ X: xG = xG xG is finite, xG ∪ {b} xG is infinite, also for x = b, b / ∈ xG. Thus:
On the other hand for x = b with finite xG suppose (x, y) ∈ P rox(F, G), then there exists a net {g α } α∈Γ in G such that lim
so {z} is an open neighbourhood of z and there exists α ∈ Γ with xg α = z = yg α which shows x = y.
For x, y ∈ F with infinite xG, yG and abelian G we have the following cases:
• There exists sequence {g n } n≥1 in G with one-to-one sequences {xg n } n≥1 and {yg n } n≥1 . In this case for such a sequence we have lim
yg n and (x, y) ∈ P rox(F, G).
• For each sequence {g n } n≥1 in G at least one of the sequences {xg n } n≥1 or {yg n } n≥1 is finite. In this case using infiniteness of xG there exists sequence {g n } n≥1 in G with infinite {xg n } n≥1 , and thus finite {yg n } n≥1 . We may suppose {xg n } n≥1 is a one-to-one sequence and {yg n } n≥1 is a constant sequence. So for
, {xk n } n≥1 is a one-to-one sequence and yk n = y (n ≥ 1). Similarly there exists a sequence {t n } n≥1 in G such that {yt n } n≥1 is a one-to-one sequence and xt n = x (n ≥ 1). Thus both sequences {yk n t n } n≥1 , {xk n t n } n≥1 are infinite sequences which is in contradiction with our assumption on x, y, hence this case would have not been occur. Using the above discussion for abelian G we have:
Lemma 4.2. In infinite Fort transformation group (F, G) for x, y ∈ F and ideal I on G, the following statements are equivalent:
for all finite subset D of F \ {b}, we have {g ∈ G : (xg, yg) / ∈ α D } ∈ I, 3. for all z ∈ F \ {b} we have {g ∈ G : (xg, yg) / ∈ α {z} } ∈ I.
Proof. "(1)⇔(2)" Use definition. "(2)⇔(3)" Use the fact that for all nonempty finite subset D of F \ {b} we have
Theorem 4.3. In infinite Fort transformation group (F, G) with ideal I on G we have:
Proof. First we prove "⊆" in the first equality. For x ∈ F \ {b} we have:
Also for x, y ∈ F \ {b} with x = y we have:
In semigroup S we say ideal I on S is S−invariant, if for all A ∈ I and s ∈ S we have As ∈ I. So in semigroup S, P f in (S) is an S−invariant ideal on S (however for nontrivial S with identity e, ideal {{e}, ∅} on S is not S−invariant). ⊆ {(x, b) ∈ F × F : xG is infinite and exists h ∈ G with st(x)h / ∈ I} ∪ {(b, x) ∈ F × F : xG is infinite and exists h ∈ G with st(x)h / ∈ I} ∪ {(x, y) ∈ F × F : xG, yG are infinite and exists h ∈ G with st(x)h ∪ st(y)h / ∈ I} .
So if J is a G−invariant ideal on G, then: P rox(F, G) \ Asym J (F, G) ⊆ {(x, b) ∈ F × F : xG is infinite and st(x) / ∈ J } ∪ {(b, x) ∈ F × F : xG is infinite and st(x) / ∈ J } ∪ {(x, y) ∈ F × F : xG, yG are infinite and st(x) ∪ st(y) / ∈ J } .
In particular:
P rox(F, G) \ Asym(F, G) ⊆ {(x, b) ∈ F × F : xG, st(x) are infinite} ∪ {(b, x) ∈ F × F : xG, st(x) are infinite} ∪ {(x, y) ∈ F × F : xG, yG, st(x) ∪ st(y) are infinite} .
If G is abelian too, we have equality in all of the above relations.
2. st(x) = Z × {0} for all x ∈ F \ {∞}. So by Theorem 4.7, (F, G) is Li-Yorke chaotic (modulo P f in (G)) however it is not Li-Yorke chaotic modulo P count (G).
As a matter of fact for transfinite cardinal numbers α, β if there exists abelian group K with β ≤ card(K) < α, in group G := K × R consider two ideals I := {A ⊆ G : card(A) < β} and J := {A ⊆ G : card(A) < α}, then I ⊆ J . Consider Fort space F := R ∪ {∞} with particular point ∞, in transformation group (F, G) with ∞(k, r) := ∞ and x(k, r) := x + r (x ∈ R, (k, r) ∈ K × R we have • xG = R for all x ∈ F \ {∞}, • st(x) = K × {0} for all x ∈ F \ {∞}. So by Theorem 4.7, (F, G) is Li-Yorke chaotic (modulo I) however it is not Li-Yorke chaotic modulo J .
